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A t-cover of a quadric Q is a set C of t-dimensional subspaces contained in Q
such that every point of Q belongs to at least one element of C. We consider
t-covers of the Klein quadric Q+(5, q). For t=2, we show that a 2-cover has at least
q2+q elements, and we give an exact description of the examples of this cardinality.
For t=1, we show that a 1-cover has at least q3+2q+1 elements, and we give
examples of covers of that size.  2001 Academic Press
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1. INTRODUCTION
Let Q be a quadric. A spread in Q is a set S of generators of Q such that
each point of Q is contained in exactly one element of S. For a lot of quad-
rics, the problem of the (non-)existence of a spread has been solved. We
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refer to [7, Table AVI.2] and [9, Table 2] for the known results and [7,
p. 347] for the open problems.
For the non-singular hyperbolic quadrics Q+(4t+1, q), the non-
existence of spreads can be proved in an easy way. The generators of
Q+(4t+1, q) can be partitioned into two equivalence classes. Two gener-
ators 6 and 6 belong to the same equivalence class if and only if
dim(6 & 6 ) is even [7, p. 21]. Hence, this shows that disjoint generators
belong to distinct equivalence classes. Since there are only two equivalence
classes, this means that a set of pairwise disjoint generators has size at most
two.
The preceding result shows in particular that the Klein quadric Q=
Q+(5, q) contains no spread. So the natural question arises what are the sets
of planes on Q being closest to a spread. This leads to the following definitions:
Definition 1.1. (a) A t-cover of a quadric Q is a set C of t-dimen-
sional subspaces contained in Q such that each point of Q is contained in
at least one element of C. If t=1, we speak also of a line cover, if t=2, we
speak of a plane cover.
(b) A partial t-spread is a set S of t-dimensional subspaces contained
in Q such that each point of Q is contained in at most one element of S.
In this article, the above defined sets will be studied in detail for the
Klein quadric Q+(5, q).
In Section 2 of the present paper, we determine the 2-covers of the Klein
quadric having minimal size. We obtain this result by using the Klein
correspondence between the lines of PG(3, q) and the points of the Klein
quadric Q+(5, q) [6, p. 28].
In this Klein correspondence: (1) a line of PG(3, q) defines a point of
Q+(5, q), (2) a pencil, that is, the set of lines through a given point P in
a given plane E through P, defines a line of Q+(5, q), and (3) the set of
lines through a given point, respectively, the set of lines in a plane, defines
a plane of Q+(5, q). More precisely, the points of PG(3, q) define a first
equivalence class of planes of Q+(5, q), while the planes of PG(3, q) define
the other equivalence class.
A 2-cover of Q+(5, q) then corresponds via the Klein correspondence to
a set of points and planes of PG(3, q) which cover all the lines of PG(3, q),
that is, a line of PG(3, q) either passes through one of the selected points
or lies in one of the selected planes.
It is in this setting that we shall describe and characterize the smallest
2-covers of Q+(5, q).
In Section 3, we give a lower bound for the size of a 1-cover of the Klein
quadric, and we give examples reaching that bound. Similarly, we construct
large partial 1-spreads on the Klein quadric.
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In [5], the authors study the analogous problems of the smallest
(n&1)-covers of Q+(2n+1, q) and the largest partial (n&1)-spreads of
Q+(2n+1, q).
These results contribute to the study of blocking sets, spreads and covers
in polar spaces, discussed by Metsch [9]. For tables containing the known
results on the existence and non-existence of spreads in polar spaces, we
refer to [9, Table 2] and [7, Table AVI.2]. We also would like to mention
the following recent results on line covers of H(3, q2) and Q(4, q).
Since the generalized quadrangle H(3, q2) arising from the non-singular
Hermitian variety in PG(3, q2) is the dual of the quadrangle arising from
the non-singular elliptic quadric in PG(5, q), a cover of H(3, q2) is the dual
of a blocking set in Q&(5, q), i.e., a set of points of Q&(5, q) intersecting
every line of Q&(5, q). In [8], Metsch proved that the smallest blocking
sets of Q&(5, q) are equal to the set of points of Q&(5, q) in a tangent cone
of Q&(5, q), different from the vertex of the tangent cone. Hence, dualizing
this result, the smallest covers of H(3, q2) are equal to the set of lines of
H(3, q2) intersecting a given line of H(3, q2) in exactly one point.
For covers of the parabolic quadric Q(4, q) in PG(4, q), Eisfeld et al. [4]
proved that a cover C of Q(4, q), q odd, contains more than q2+1+
(q&1)3 lines, and a minimal cover of Q(4, q), q even, q32, of car-
dinality q2+1+r, where 0<r- q, always contains a spread of Q(4, q).
The analogous question for covers of projective spaces has already been
answered. The lower bound on the size of a cover of a given projective
space was found by Beutelspacher [1]; the description of the covers of
minimal size was given by Eisfeld [3].
Theorem 1.2. Let S be a t-cover of P=PG(d, q), where dt0. Let
d=k(t+1)+r with k, r # N0 and rt. Then
(a) |S|qr+1 }
qk(t+1)&1
qt+1&1
+1.
(b) If equality holds in (a), then there is a subspace U of dimension
t&r&1, such that every point of P"U is contained in exactly one element
of S, whereas every point of U is contained in exactly qr+1+1 elements of
S.
2. MINIMAL PLANE COVERS OF THE KLEIN QUADRIC
A plane cover of Q+(5, q) corresponds via the Klein correspondence [6,
p. 28] to a cover of lines of PG(3, q) by planes and points, i.e. a set of
planes and points such that each line of PG(3, q) is either contained in one
of the planes or contains one of the points.
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Remark 2.1. If a cover C of lines of PG(3, q) by planes and points con-
tains only planes or only points, then the Theorem of Bose and Burton [2]
states that |C|q2+q+1 with equality if and only if C is either the set of
points in a plane or the set of planes through a point.
Example 2.2. Let E be a plane of P=PG(3, q) and P be a point of E.
Let l1 , ..., lq+1 be the lines of E through P. Choose k # [1, ..., q]. Let C1 be
the set of points, different from P, on the lines l1 , ..., lk . Let C2 be the set
of planes, different from E, through one of the lines lk+1 , ..., lq+1 . Then the
set C=C1 _ C2 is a cover of lines of P of size q(q+1).
We shall now show that a cover of lines of PG(3, q) by points and planes
has at least q(q+1) elements and that the given example is the only
example where equality holds. From this follows the same lower bound for
the size of a plane cover of Q+(5, q).
Theorem 2.3. Let C be a cover of lines of P=PG(3, q) by points and
planes, that is, C=C1 _ C2 , where C1 is a set of points and C2 is a set of
planes of P such that each line of P either is contained in a plane of C2 or
contains a point of C1 . Then |C|q2+q.
Furthermore, if |C|=q2+q, then C is a set of points and planes as in
Example 2.2.
Proof. Suppose that |C|q2+q. Let C1 be the set of points of C and
C2 be the set of planes of C. From Remark 2.1 we see that neither C1 nor
C2 are empty. We prove in a series of steps that C is a set as in
Example 2.2. Note that our assumptions are self-dual, whence from each
result we get immediately the dual result (interchanging C1 and C2).
Step 1. If there is a point P # P"C1 contained in at most k planes of C2 ,
then |C2 |kq.
The planes of C2 through P cover at most q+1+(k&1) q lines through
P. So at least q2&(k&1) q lines through P contain a point of C1 . Hence
|C2 |=|C|&|C1 |q2+q&(q2&(k&1) q)=kq.
Step 2. If (k&1) q<|C2 |<kq, then |C2 |kq&k+1. Suppose on the
contrary that |C2 |kq&k. Then |C2 |(q2+q+1)kq3&k<k(q3+q2+
q+1&|C1 | ). Hence there is a point of P"C1 which is covered at most k&1
times by the planes of C2 . By Step 1, |C2 |(k&1) q, in contradiction to
the assumption.
Step 3. If (q+1&k) q<|C1 |<(q+2&k) q, then |C1 |q2+q&kq+
k&1. This follows from the dual of Step 2 when substituting k by q+2&k.
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Step 4. If |C|=q2+q, then one of the following statements holds:
(a) Both |C1 | and |C2 | are multiples of q.
(b) There is an integer k such that |C1 |=q2+q&kq+k&1 and
|C2 |=kq&k+1.
Suppose that (a) does not hold. Then there is an integer k such that
(k&1) q<|C2 |<kq. From Step 2, we conclude that |C2 |kq&k+1.
From |C2 |=q2+q&|C1 | , we get (q+1&k) q<|C1 |<(q+2&k) q. From
Step 3, |C1 |q2+q&(kq&k+1). Since |C1 |+|C2 |=q2+q, we have (b).
Step 5. Case (b) of Step 4 cannot occur. We assume the contrary. Then
|P"C1 |=q3+2+kq&k. These points must each lie in at least k elements
of C2 (Step 1), hence
(kq&k+1)(q2+q+1)k(q3+2+kq&k)
-
&(q&1) k2&3k+q2+q+10. (1)
From this, we get k<- q+ 1
- q
. Dually, q+2&k<- q+ 1
- q
. Thus q+
2<2(- q+ 1
- q
), whence q=2 and k=2. This contradicts (1).
Step 6. |C|=q2+q.
Otherwise we could add some points or planes to get a set C$ with
|C$|=q2+q and |C$1 | not a multiple of q, in contradiction to the previous
steps.
Note that this step finishes the proof of the bound of |C|. We continue
with the characterization. From now on we assume that |C2 |=kq and
|C1 |=(q+1&k) q, where k # [1, ..., q]. Note that Step 1 implies that every
point of P"C1 lies in at least k planes of C2 and that every plane not in C2
contains at least q+1&k points of C1 .
Step 7. If a point P # P"C1 lies on at most k planes of C2 , then these k
planes contain a common line. There are q2+q+1 lines through P. At most
(q+1&k) q of them contain a point of C1 , hence the planes of C2 through
P must cover the other q+1+(k&1) q lines through P. From this the
assertion follows.
Step 8. Let E be a plane not in C2 . If E contains a line l not containing
points of C1 such that l is contained in exactly one element of C2 , then E
contains exactly q+1&k collinear points of C1 . Otherwise E contains at
least q+1&k2 points of C1 .
Suppose first that E contains a line l not containing points of C1 and
which is contained in exactly one element E$ # C2 . Each plane through l
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except E$ contains at least q+1&k points of C1 with equality only if they
are collinear (dual of Step 7). From |C1 |=q(q+1&k), we see that all
these planes, including E, contain exactly q+1&k collinear points of C1 .
Suppose now that any line of E either contains a point of C1 or is con-
tained in at least two planes of C2 . As |C2 |=kq, at least q2+q+1&kq2
lines of E must contain a point of C1 . Hence E contains at least q+1&k2
points of C1 .
Step 9. If P # C1 and E # C2 , then P  E.
Suppose on the contrary that P # E. According to Step 6, C is minimal,
hence there is a line l # E which is not contained in another element of C2
and does not contain a point of C1 . Each plane through l except E contains
at least q+1&k points of C1 (Step 8). Hence |C1 |q(q+1&k)+1, which
is a contradiction.
Step 10. Let E be a plane of C2 . Then E contains at least two points each
contained in exactly k planes of C2 . Furthermore, there are two lines in E
each contained in exactly k planes of C2 .
The kq&1 planes of C2"[E ] can cover at most (kq&1)(q+1)<k(q2+
q+1) points of E, counted with multiplicity. Since each point of E lies on
at least k planes of C2 (Steps 9 and 1), there is a point of E which lies on
exactly k planes of C2 , which intersect in a line l of E (Step 7). From
(kq&k) q<kq2, we see that there is a point of E"l that is on exactly k
planes of C2 . These planes again contain a common line of E.
Step 11. Let l be a line containing at least two, but not exactly q+1&k
points of C1 . If l $ is a line contained in exactly k planes of C2 , then l $ and
l intersect.
If l and l $ do not intersect, then the k planes of C2 through l $ intersect
l in k distinct points. The k(q+1) lines through these points in these planes
cannot be all contained in a second plane of C2 . (Two such planes cannot
coincide because of Step 9, and |C2 |=kq.) Let l" be such a line contained
in only one element E of C2 . By Step 8, the plane (l, l") contains exactly
q+1&k collinear points of C1 . This contradicts the choice of l.
Step 12. Suppose that there are two lines of P each containing neither
0, 1 nor q+1&k points of C1 . Then all lines with this property go through
a common point P, and all planes of C2 contain P.
Let l, l $ be two such lines, and let E # C2 . By Step 10, E contains two
lines m, m$ each contained in exactly k planes of C2 . By Step 11, these two
lines intersect l and l $. Since E contains none of l, l $ (Step 9), the lines
l, l $, m, m$ must go through a common point. From this the assertion
follows.
150 EISFELD, STORME, AND SZIKLAI
Step 13. If all points of C1 are contained in a common plane E, then for
k{1 each point P of C1 lies in exactly one line containing q points of C1 .
By Step 12 and Step 9, there is at most one line through P containing
a number of points of C1 different from 0, 1 and q+1&k. However, the
q+1 lines through P in E contain q(q+1&k)&1=q(q&k)+(q&1)
points of C1 . Hence one of these lines contains q points of C1 and all the
others contain q+1&k points of C1 .
Step 14. If all points of C1 are contained in a common plane E, then C
is as in Example 2.2.
Suppose first that k{1. According to Step 13, the (q+1&k) q points of
C1 partition into q+1&k sets of q collinear points. These q+1&k lines
lk+1 , ..., lq+1 must intersect in a point P being the only point of these lines
not in C1 . The kq planes of C2 must intersect E in lines disjoint to C1 , hence
in the remaining lines l1 , ..., lk through P. Thus we have the situation of
Example 2.2.
For k=1, |C1 |=q2. By Step 9, it is immediate that then we have
Example 2.2.
Step 15. If there are two lines containing a number of points of C1
different from 0, 1 and q+1&k, then C is as in Example 2.2.
According to Step 12, all planes of C2 go through a common point. By
the dual of Step 14, we have the situation of Example 2.2.
Step 16. If 1<k<(q+1)2, then C is as in Example 2.2.
Because of (q&1)2<q&k<q&1, q&k does not divide q&1, hence it
does not divide q(q+1&k)&1. So each point of C1 is contained in a line
with neither 1 nor q+1&k points of C1 . The assertion follows from Step 15.
Step 17. If k=q, then C is as in Example 2.2.
If k=q, then the set C1 contains exactly q points. If these are collinear,
then the assertion follows from Step 14. Otherwise there are two lines con-
taining more than one point of C1 , and the assertion follows from Step 15.
Step 18. If q{3, then C is as in Example 2.2.
Suppose that the assertion is wrong. From Steps 16 and 17 and their
duals, we see that k= q+12 . In particular, q is odd, i.e. q5. From Step 15
we see that there is at most one line of P containing a number of points
of C1 different from 0, 1, k.
Suppose that there is a line l containing j  [0, 1, k] points of C1 . Con-
sidering the lines through a point of C1 & l, we see that k&1 divides kq& j,
whence j=q. A plane E containing l and a point P # C1"l contains at least
1+( q&12 ) q=
q2&q+2
2 points of C1 (counting the points of C1 on lines
through P). Since C1 is not coplanar (Step 14), there is a point Q # C1 not
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in E. Counting the points of C1 on lines through Q, we see that |C1 |
1+( q&12 )(
q2&q+2
2 ), which contradicts |C1 |=
q(q+1)
2 .
Suppose now that all lines of P contain 0, 1 or k points of C1 . As in the
previous case, we see that a plane containing three linearly independent
points of C1 contains at least 1+(
q&1
2 )(
q+1
2 )=
q2+3
4 points of C1 , hence
q(q+1)
2 =|C1 |1+(
q&1
2 )(
q2+3
4 ) . This is only possible if q5, i.e. q=5. In
this case we have equality, and the points of C1 form an embedding of
PG(3, 2) into PG(3, 5). However, PG(3, 5) does not contain a Fano plane.
Step 19. If q=3, then C is as in Example 2.2.
Suppose that the assertion is wrong. From Step 17 and its dual, we see
that k=2. From Step 15 we see that there is at most one line of P contain-
ing more than two points of C1 . Because of Step 9, such a line contains at
most 3 points of C1 .
The number of lines containing a point of C1 is at most 13+12+12+
10+9+8=64 (counting first the lines through the three collinear points,
if these exist). Dually, the number of lines contained in a plane of C2 is at
most 64. Hence C covers at most 128 lines of P. However, P contains 130
lines, which gives a contradiction.
This proves the final part of the theorem. K
Corollary 2.4. Let C be a plane cover of Q+(5, q). Then |C|q2+q
with equality if and only if C is constructed as in Example 2.2 via the Klein
correspondence.
3. MINIMAL LINE COVERS OF THE KLEIN QUADRIC
Having solved the extremal problem for plane covers of Q=Q+(5, q), we
now proceed to line covers of Q.
We suppose Q to be embedded in P=PG(5, q). If we have a line cover
C of Q, we define the excess of a point P # Q to be the number of lines of
C through P minus one. The excess of a point of P"Q is defined as zero.
Since C is a cover, all excesses are non-negative.
The excess of any point set of P is defined as the sum of the excesses of
its points. A point with positive excess is called an excess point.
Theorem 3.1. Let C be a line cover of Q=Q+(5, q). Then |C|q3+
2q+1.
In case of equality, we have one of the following possibilities:
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(a) There is only one excess point having excess 2q.
(b) There are exactly two excess points each having excess q.
(c) q=2, and there are four single excess points, namely the points of
two intersecting lines except their intersection point.
Proof. Since Q has exactly (q2+1)(q2+q+1) points, the line cover C
must have at least W((q2+1)(q2+q+1))(q+1)X=q3+2q elements. Sup-
pose that C has q3+2q+= elements. Then the total excess of Q is
(q3+2q+=)(q+1)&(q2+1)(q2+q+1)=q&1+=(q+1). The excess of
any hyperplane of P is congruent to (q3+2q+=)&1#=&1 (mod q).
Suppose that ==0. Then the excess of any hyperplane is congruent to
q&1 (mod q), hence it is at least q&1. On the other hand, the total excess
of Q is q&1. Hence every excess point must be contained in every hyper-
plane, which is nonsense. Thus =1, which proves the lower bound of |C|.
Suppose for the remainder of the proof that we have equality, i.e. ==1.
Then the total excess of Q is 2q, and the excess of any hyperplane of P is
a multiple of q, i.e. 0, q or 2q.
Step 1. Through any excess point, there is a three-dimensional subspace
of P containing no other excess point.
Let P be an excess point. As there are q4+q3+q2+q+1 lines through
P, but at most 2q&1 excess points different from P, there is a line l
through P having no further excess point. Similarly, there is a plane E
through P having no further excess point and a three-space S through E
having no further excess point.
Step 2. There is no excess point with an excess $, where 0<$<q, unless
we have case (c).
Suppose that the point P has excess $, and take a three-space S through
P as in Step 1. Each hyperplane through S has excess at least q, so we get
for the total excess 2q$+(q+1)(q&$), from which follows $q&1. If
$=q&1, then there must be q+1 points of excess 1, whence 1=$$q&1,
i.e. q=2, in which case we have four excess points of excess 1.
These four points of excess 1 define at most a solid. Suppose they are not
coplanar; then consider a plane containing exactly three excess points. It is
then possible to find a hyperplane through this plane with only these three
excess points. This is false. So the four excess points are coplanar.
The four excess points form a quadrangle in a plane; for suppose three
of them are collinear; then we can find a hyperplane containing exactly one
excess point. This again is false. So this is case (c).
Step 3. There is no excess point with an excess $, where q<$<2q.
By the same argument as in the previous step, we get 2q$+
(q+1)(2q&$), which leads to the contradiction $2q.
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From Step 2 and Step 3, we see that each point has excess 0, q or 2q,
from which the assertion follows. K
We give two examples where equality holds. In both examples, we
construct a partial line spread of Q covering all points of Q except the
points of two planes. If we add the lines of two pencils of these planes to
the partial line spread, then we get a line cover of size q3+2q+1.
Example 3.2. We use the Klein correspondence between Q and
P$=PG(3, q).
Let ? be an elliptic polarity of P$, and let P be a singular point of ?. For
any plane E of P$ not through P, let E* be the intersection point of the
line (P, ?(E)) with E. Let p(E ) be the pencil of lines in E through E*.
This pencil corresponds to a line of Q. We shall show that these pencils are
disjoint and cover all the lines of P$ which are neither incident with P nor
with ?(P). This means that the corresponding set of lines of Q is a partial
line spread S of size q3 covering all points except of the set of points of
two planes of Q intersecting in a line.
Since we considered only planes E missing P, the pencil p(E ) contains no
line through P. As ?(E )  ?(P), we have E*  ?(P), whence the pencil p(E )
contains no line of ?(P). We have to show that each line l of P$ not
through P and not in ?(P) is contained in exactly one pencil p(E ).
Consider the q+1 planes E0 , ..., Eq through l, where E0=(l, P). The
points ?(E0), ..., ?(Eq) are just the points on the line ?(l ). If E0 contained
?(l ), then Q=l & ?(l ) would be a singular point of ? with ?(Q)=E0 % P.
Then (Q, P) would be a singular line of ?, which does not exist, because
? is elliptic. Hence E0 intersects ?(l ) in a point R. The plane E=?(R) is
the unique plane through l with the property that the line (P, ?(E )) inter-
sects l. Hence p(E) is the unique pencil containing l, provided that E does
not contain P. However, if P # E, then E=E0 , whence (P, R) would be a
singular line of ?, which is not possible.
Example 3.3. Suppose that q is even, q is an odd prime or q#0 or
2 (mod 3). Then there exists a (plane) spread S of the parabolic quadric
Q(6, q) (see e.g. [9, Section 6]).
Let Q=Q+(5, q) be a hyperplane section of Q(6, q). Then a counting
argument shows that Q contains exactly two planes of S and intersects the
other planes of S in lines. These lines form a partial line spread of
Q+(5, q) covering all points except the points of two disjoint planes.
Corollary 3.4. The bound of Theorem 3.1 is sharp. Both cases (a) and
(b) occur for all values of q. Case (c) occurs for q=2.
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Proof. According to Example 3.2, there exists a partial line spread S of
Q=Q+(5, q) covering all points except the points of two planes E1 , E2
intersecting in a line l.
Let P1 , P2 be two points of l. If we extend S by all lines through P1 con-
tained in E1 or E2 , then we get a line cover as in case (a) of Theorem 3.1.
If we extend S by all lines through P1 in E1 and all lines through P2 in
E2 , then we get a line cover as in case (b) of Theorem 3.1.
If q=2, then l contains only three points P1 , P2 , P3 . If we extend S by
the two lines of P1 in E1 (except the line l ), the two lines (except l ) of P2
in E2 and any line in E2 (except l) through P3 , we get a line cover as in
case (c) of Theorem 3.1. K
4. PARTIAL LINE SPREADS OF Q+(5, q)
Remark 4.1. To the q3 lines arising from the partial spread S of
Example 3.2, we can either add the intersection line l of E1 and E2 or two
skew lines in E1 _ E2 . This shows that there exist maximal partial line
spreads of Q+(5, q) of sizes q3+1 and q3+2. The question arises whether
q3+2 is the maximal size for a partial line spread of Q+(5, q). A direct
counting argument yields only a bound of q3+q, where in case of equality
the set of points of Q+(5, q) not covered must be an elliptic quadric. This
is proved in the next theorem. We note that a hole of a partial line spread
S of Q+(5, q) is a point of this quadric not lying on a line of S.
Theorem 4.2. A partial line spread of Q+(5, q) has at most size q3+q.
If such a partial line spread of Q+(5, q) of size q3+q exists, then the set of
holes is an elliptic quadric contained in Q+(5, q).
Proof. Let S be a partial line spread of size q3+q of Q+(5, q). A
hyperplane shares 1 (mod q) points with Q+(5, q). Since S has size q3+q,
the number of holes in a hyperplane is always 1 (mod q), and the total
number of holes is q2+1. Suppose that xi is the number of holes in the
hyperplane ?i , i=1, ..., %5=(q6&1)(q&1), of PG(5, q). Then
:
%5
i=1
1=
q6&1
q&1
,
:
%5
i=1
xi =(q2+1)
q5&1
q&1
,
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:
%5
i=1
xi (xi&1)=(q2+1) q2
q4&1
q&1
,
:
%5
i=1
xi (xi&1)(xi&2)(q2+1) q2(q2&1)
q3&1
q&1
.
Now
0 :
%5
i=1
(xi&1)(xi&q&1)(xi&q2&1)
= :
%5
i=1
xi(xi&1)(xi&2)&(q+q2) :
%5
i=1
xi (xi&1)+(q+1)(q2+1) :
%5
i=1
(xi&1).
Now replacing %5i=1 x i (xi&1)(xi&2) by the lower bound stated above
gives the equality 0=0. This implies that all the hyperplanes of PG(5, q)
contain 1, q+1 or q2+1 holes, and that no three holes are collinear. We
now show that the set of holes is an elliptic quadric.
Assume there is no hyperplane with q2+1 holes. Consider a plane with
x2 holes and consider all hyperplanes through this plane. Counting the
holes in these hyperplanes, the equality
x(q2+q+1)+(q2+1&x)(q+1)=(q2+q+1)(q+1)
arises. This implies xq2=q(q+1) which is impossible.
Suppose there is one hyperplane with q2+1 holes, then we repeat the
counting argument of the preceding paragraph, but now in a 4-dimensional
space. Hence, x(q+1)+(q2+1&x)=(q+1)(q+1), and so x=2. But this
case can be eliminated by taking a plane with x3 points.
If there are two hyperplanes with q2+1 holes, then the q2+1 holes lie
in a solid. In this solid, these q2+1 holes form a (q2+1)-cap lying on a
3-dimensional quadric; so they form an elliptic quadric.
The same argument implies that no partial line spreads of Q+(5, q) exist
of size greater than q3+q. K
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